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ABSTRACT 
 
We use tension spline to develop numerical methods for the solution singularly perturbed boundary-value problems. The proposed methods 

are accurate for solution of fourth order boundary-value problems. End conditions of the spline are derived. Two examples are considered for 

the numerical illustration. However, it is observed that our approach produce better numerical solutions in the sense thatmax || ie is 

minimum. 

 

INTRODUCTION 
 

We consider fourth-order boundary value problem of type: 

],[,),()()4( baxuxfxu                                                                         (1) 

with boundary conditions  

4
)2(

3
)2(

21 )(,)(,)(,)(   byaybyau                                                  (2) 

where i  for 4,3,2,1i  are finite real constants and the functions )(xu and ),( uxf  are continuous on ],[ ba  

and   is a parameter such that  10   .   

Several methods such as an asymptotic finite element method, quintic B-spline method, initial value 

techniques, differential transform method, variable mesh difference methods, fourth-order spline method, 

Non-polynomial sextic spline and tension splines, in solving singularly perturbed boundary-value problems 

has been of considerable concern and is well covered in papers see [1]-[10]. Akram et al. [11]-[12] used 

septic spline and quintic spline for the solution of fourth order singularly perturbed boundary value 

problem.  

Following the spline functions proposed in this paper have the form ,x,x,x,x,x,xx,span{1, 765432
9 T  

sin(kx)}cos(kx),  where k  is the frequency of the trigonometric part of the spline functions. Thus in each 

subinterval 1 ii xxx  we have  

                    }x,x,x,x,x,x,x,xx,span{1, 98765432 , (When 0k  ) 

 

In this paper, we use tension spline approximation to develop a family of new numerical methods to obtain 

smooth approximations to the solution of singularly perturbed boundary-value problems. In Section 2, the 

new tension spline methods are developed for solving Eq. (1) along with boundary condition Eq. (2). and 

also development of the boundary formulas. Section 3, tension spline solution of (1) and (2) is determined 

and in section 4, numerical experiment, discussion are given. 

 

 

NUMERICAL METHODS 
 

To develop the spline approximation to the boundary-value problem Eqs. (1)-(2), the interval ],[ ba is divided 

in to n  equal subintervals using the grid  

ihaxax i  ,0  , 
n

ab
h


 , .,,..,2,1,0 bxni n   

We consider the following tension spline )(xSi on each subinterval ],[ 1ii xx , 1,..,2,1,0  ni , 

 

 567 )()()()(sinh)(cosh)( iiiiiiiiiii xxexxdxxcxxkbxxkaxS

iiiiiiiii yxxrxxqxxpxxo  )()()()( 234  

(3) 

where iiiiiiii rpoedcba ,,,,,,,  and iy  are real finite coefficients and k  is arbitrary parameterwhich have to 

be determine so that, the spline is defined in terms of its 2th, 4th, 6th and 8th derivatives and we denote 

these values at knots as: 

,)(,)(,)(,)(,)(
)8()6()4(''

llillillillilli pxSvxSzxSmxSuxS   

for .1,...,2,1,0  ni  and .1,  iil                               (4) 
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Assuming )(xu to be the function which has be interpolated by )(xSi , and )( ixu be an approximation to 

)( ixu , using the continuity conditions of first, three, fifth and seventh ( )()(
)()(

1 iiii
xSxS





where 5,3,1  

and 7 ), and also by eliminating of ii vm , and ip , we obtain the following relations between iu and iz : 

 

  41322314514233241 iiiiiiiii zzzzzzzzz   

),(
1

413223145142332414   iiiiiiiii uuuuuuuuu
h

  

.4,...,,5,4  ni                                                                                        (5) 

where 

,))sinh(!7(
1

3
1

1 


   ,))sinh(16805421260(12)cosh((
2 75

3
1

2 


 


  

,))sinh(17640)cosh()5421260(61498484010080(
8 64753

1
3 


 


  

,))sinh(35280317294168016380(4)cosh((
2 753

2
1

4 


 


  

,))sinh(176400)cosh()61512108406300(16(
2 42

2
1

5 


   

,))sinh(66(
840 3

1

4

1 



  ,)))sinh(43(6)cosh()6((

1680 2

1

4

2 



   

,))sinh(21)cosh(912(
6720 3

1

4

3 



  ,))sinh(168)cosh()10(9878(

1680 23

1

4

4 



 




 

,)sinh()840()370420(2,))sinh(210)cosh()215(8990(
1680 442

1
23

1

4

5 



   

,)1191630756075600 753
2   ,42840!7 753

3  
 

 

where kh .  

We assume that  

                                      )),(,(),(
)4(

iiiiii xuxffuxfu                                                 (6) 

 

where f is nonlinear with respect to u and iu is the approximation of the exact value )( ixu and )(xSi is 

tensionspline function. 

Now the local truncation error corresponding to the tensionspline method (5) can be obtain as: 

)2(2
432154321 )4916())(2( iii uhut    

)4(4
432154321 ))1681256(

12

1
)(2( iuh   

)6(6
43214321 ))64729 4096 (

6!

2
)4916(( iuh   

)8(8
43214321 )2566561 65536 )1681(256 1680 (

8! 

2
iuh   

)10(10
43214321 )1024  59049 1048576 )64729 (4096 5040(

10! 

2
iuh   

)12(12
43214321 )4096  531441 16777216  )2566561  (65536 11880 (

12!

2
iuh   

)14(14
43214321 )32768  9565938 536870912 )1024 59049   (1048576 48048(

14!

2
iuh   

)16(16
43214321 )65536  43046721 4294967296 )4096   531441    (16777216 43680(

16!

1
iuh   

...)262144   387420489 66871947673  ) 16384  4782969  (268435456 73440 (
18! 

1 )18(18
43214321  iuh

6,...,7,6  ni)7( 
for different choices of parameters 5432154321 ,,,,,,,,,  we can obtain the following 

classes of methods such as: 

Case(1):By choosing 4,1,0,1,0 432154321   and 65  we obtain the 

second-order method with truncation error ).(
6

1 8)6(6 hOuht ii   

Case(2):By choosing 39,12,1,0,6,0 432154321   and 565  we obtain the 

fourth-order method with truncation error ).(
40

7 10)8(8 hOuht ii   
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Case(3):By choosing 

86,32,22,1,
3024

156190
,

3024

88234
,

3024

14608
,

3024

502
,

3024

1
432154321   and 

1905  we obtain the sixth-order method with truncation error ).(
252

1 12)10(10 hOuht ii   

Case(4):By choosing 

86,32,22,1,
1512

78215
,

1512

44027
,

378

1835
,

216

35
,

3024

1
432154321   and 1905 

we obtain the eighth-order method with truncation error ).(
30240

43 14)12(12 hOuht ii   

Case(5):By choosing 

86,32,22,1,
3024

156731
,

7560

219533
,

7560

37001
,

7560

1139
,

30240

53
432154321   and 

1905  we obtain the tenth-order method with truncation error ).(
798336

107 16)14(14 hOuht ii   

Case(6):By choosing 

,
41563872 

2269987033 
,

25977420 

814474831 
,

103909680 

663600673 
,

25977420

10411993
,

415638720

772159
54321   and 

86,
20617 

614804 
,

20617 

376534 
,

20617 

52717 
4321 


  and 1905  we obtain the twelve-order method with 

truncation error ).(
8805446529786 

22493389 18)16(16 hOuht ii   

Case(7):By choosing

,
766480383  

65528143544  
,

3832401915  

881714898874  
,

3832401915  

64115985739  
,

52682681340 

82204300108 
,

52682681340 

94699819 -
54321    

and 
85164487 

5839582208 
,

85164487  

4591530956 
,

85164487  

1891726336  
,

85164487  

448760563  
4321 


  and 1905  we obtain the 

fourteen-order method with truncation error ).(
5877402900193143  

401234609  20)18(18 hOuht ii   

 
To obtain unique solution for the system (5) we need six more equations. we define the following identities: 
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
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





































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













,0

,0

,0

,0

,0

,0

)18(18
1

)4(
13

0

'
5

0

4)2(2''

)18(18
2

)4(
13

0

''
6

0

4)2(2''''

)18(18
3

)4(
13

0

'''
7

0

4)2(2''''''

)18(
0

18
3

)4(
13

0

'''
7

0

4)2(
0

2''''''

)18(
0

18
2

)4(
13

0

''
6

0

4)2(
0

2''''

)18(
0

18
1

)4(
13

0

'
5

0

4)2(
0

2''

nnin

i

i

i

nini

nnin

i

i

i

nini

nnin

i

i

i

nini

i

i

i

i

ii

i

i

i

i

ii

i

i

i

i

ii

uhtubhuhdua

uhtubhuhdua

uhtubhuhdua

uhtubhuhdua

uhtubhuhdua

uhtubhuhdua

(8) 

 
where all of the coefficients are arbitrary parameters to be determined. In order using Taylor's expansion 

obtain the fourteen-order method we find that: 

),1,6508,-33,22,104,222,-1- (),,,,,,( ''
5

'
4

'
3

'
2

'
1

'
0 daaaaaa ),22,1,269,-86,-32,14,-108,18 (),( ''''

,6
''
,5

''
,4

''
,3

''
,2

''
,1

''
0 daaaaaaa  

),22,1,269,-86,-32,14,-108,18 (),,,,,,,,( ''''''
7

'''
6

'''
5

'''
4

'''
3

'''
2

'''
1

'''
0 daaaaaaaa  

,,,,,,(),...,,,(
003487131648 

503771021399935 

05977939968 

18611225491621 

007846046208 

04319055163306 

003487131648 

0795731547553 

01902071808 

3731149799956 

4006276836966

54772160608798 '
13

'
2

'
1

'
0 bbbb

 

),,,,,,,
4006276836966 

0277539889997 

2490808320 

71962114096 

4001046139494 

50133331254826 

406276836966 

41595566996087 

006974263296 

286691256676672 

7264857600 

6812002843813 

401046139494 

25273382136272   

,,,,,,(),...,,,(
001245404160 

88091242933981 

09510359040 

2716092225050 

003923023104 

14292567462269 

001743565824 

2596523336140 

005230697472 

36971723476271 

60001569209241 

52832187208663 ''
13

''
2

''
1

''
0 bbbb

 

),,,,,,,,
04755179520 

1417024681 

004483454976 

511882067113 

04358914560 

671197980049 

0002615348736 

51072899826907 

6001569209241 

43294834106351 

003487131648 

42072175667147 

66044160 

6278835293 

002615348736 

11932899583472 
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,,,,,,(),...,,,(
001585059840 

519181200665 

001609445376 

4214579549330 

007846046208 

74314089457295 

04981616640 

9831440948837 

4001046139494 

2995153532945 

20003138418483 

4012036981807 '''
13

'''
2

'''
1

'''
0 bbbb  

 
),,,,,,,,

09510359040 

32889931 

2801255367393 

6026165111 

02905943040 

897454783 
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296381562439 

4926873600 

1627758359 

006974263296 

014521424315 

2421619200 

2305017271 

04755179520 

14307979744   

and  

),,,(
440005335311421 

172023084446 
33720002667655710 

5917343819831 
228009700566220 

877515220039 
11   nnn tttttt  

 

3  Tension spline solution 
 
The method (5) along with boundary condition (8) when we ignore the truncation errors in (7) give a system 

of linear equations. 

Considering T
nuuuU ],...,,[ 21  and T

ncccC ],...,,[ 21 , This system can be written the following matrix 

equation: 

CUBFhA  )( 4  
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NUMERICAL RESULTS 

 
In this section the presented method are applied to the following test problems if choosing  

,
766480383  

65528143544  
,

3832401915  

881714898874  
,

3832401915  

64115985739  
,

52682681340 

82204300108 
,

52682681340 

94699819 -
54321    

85164487 

5839582208 
,

85164487  

4591530956 
,

85164487  

1891726336  
,

85164487  

448760563  
4321 


  and 1905   

we obtained the method of order )( 14hO respectively. 

 

Example 1.Consider the following singularly perturbed boundary value problem 

 

11)),126280210605(24)1(()()( 43244)4(  xxxxxxxxxuxu   

with boundary conditions 

0)1(,688)1(0)1(,16)1(  uuanduu   

The exact solution for this problem is 45 )1()( xxxu   .The observed maximum absolute errors for different 

values of  and n are tabulated in Tables 1-2 and compared with the methods in [15]. 

 

Table 1: Maximum absolute errors of Example 1 (Our fourteen-order method) 

 
 

n  
16

1
  

32

1
  

64

1
  

128

1
  

256

1
  

20 831058.3   831062.1   831097.1   841072.3   831007.2   

40 821078.1   831084.1   831003.5   831016.6   831054.2   

80 821059.2   831095.9   831093.4   831028.4   831056.3   

160 821032.3   821009.1   831049.5   831032.3   831052.3   

 
 

 

 

Example 2. Consider the following singularly perturbed boundary value problem 

 

 

10)),sin()4951320126050470(24

)sin()334414()1(24)sin()1()cos()55165180

8414(96)cos()23()1(16()sin()1()()(

432

2222444432

333484)4(







xxxxxx

xxxxxxxxxxxx

xxxxxxxxxxxuxu







 

 

 

with boundary conditions 

0)1()0(0)1()0(  uuanduu  

The exact solution for this problem is ).sin()1()( 84 xxxxu  [15] 

The observed maximum absolute errors for different values of  and n are tabulated in Tables 3. 

 

 

Table 2: Maximum absolute errors of Example 2 (Our fourteen-order method) 

 
 

n  
16

1
  

32

1
  

64

1
  

128

1
  

256

1
  

20 191036.2   211031.2   231058.3   251011.3   281093.4   

40 241068.3   261057.3   281047.5   301076.4   331094.7   

80 291069.5   311050.5   331037.8   351029.7   371025.1   

160 341075.8   361045.8   371028.1   391011.1   421096.1   

 

CONCLUSION 
 

The new methods of orders 2, 4, 6, 8, 10,12 and 14 based on tension spline are developed for the 

solution of fourth order singularly perturbed boundary-value problems. Tables 1-2 shows that our method 

is better in the sense of accuracy and applicability. 
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