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ABSTRACT

We use tension spline to develop numerical methods for the solution singularly perturbed boundary-value problems. The proposed methods
are accurate for solution of fourth order boundary-value problems. End conditions of the spline are derived. Two examples are considered for

the numerical illustration. However, it is observed that our approach produce better numerical solutions in the sense thatmax|e; |is

minimum.
INTRODUCTION
i

o | KEY WORDS We consider fourth-order boundary value problem of type:
‘1' Tension spline, 4
r- Singularlyperturbed eul )(x) =f(x,u), xelab] (1)
1L boundanyvaeprosiems.  with boundary conditions

u@=o1,yb) =02, yP@=03, yAb)=04 2)

where o; for i=1234 are finite real constants and the functions u(x) and f(x,u) are continuous on [a,b]

and ¢ is a parameter such that 0<e<1.

Several methods such as an asymptotic finite element method, quintic B-spline method, initial value
techniques, differential transform method, variable mesh difference methods, fourth-order spline method,
Non-polynomial sextic spline and tension splines, in solving singularly perturbed boundary-value problems
has been of considerable concern and is well covered in papers see [1]-[10]. Akram et al. [11]-[12] used
septic spline and quintic spline for the solution of fourth order singularly perturbed boundary value
problem.

3.,4.,5.6 .7

Following the spline functions proposed in this paper have the form Tg=Span{1,X,X2,X X2, %%, x
cos(kx),sin(kx)} where k is the frequency of the trigonometric part of the spline functions. Thus in each

=EVoll

subinterval x; <x<xj;; we have

Published: 15 October 2016 span{l, x,x2,x3,x* x%,x8 x7,x8 x%}, (When k> 0)

In this paper, we use tension spline approximation to develop a family of new numerical methods to obtain
smooth approximations to the solution of singularly perturbed boundary-value problems. In Section 2, the
new tension spline methods are developed for solving Eqg. (1) along with boundary condition Eq. (2). and
also development of the boundary formulas. Section 3, tension spline solution of (1) and (2) is determined
and in section 4, numerical experiment, discussion are given.

W RIENO!

NUMERICAL METHODS

To develop the spline approximation to the boundary-value problem Egs. (1)-(2), the interval [a,b]is divided
into n equal subintervals using the grid
Xp=a Xj=a+ih , h =b—Ta’ i=012...n, X,=h.

We consider the following tension spline S;j(x) on each subinterval [xj,%j41], i=012,..,n-1,

S;(x) = aj cosh K(x — x;) + by sinh K(x = %) + ¢ (x = x;)” +di (x—x;)® + &5 (x — %)% +

4 3 2
0j (X = %)™ + Pi(x=xj)7 +qj (X = %) + 1 (X=Xj) + ¥j
*Corresponding Author i ( i)+ pi( i)”+0;( i) i i)+ Yi
Emaiil: (3)
karim.farajeyan@gmail.com,  where a;,b;, ¢, d;,€;,0;, pj, i and y; are real finite coefficients and k is arbitrary parameterwhich have to
rashidinia@iust.ac.ir, be determine so that, the spline is defined in terms of its 2th, 4th, 6th and 8th derivatives and we denote
rezajalilian72@gmail.com
these values at knots as:

sioa) =up, S ) =mp, ) =2, SO =vi, sEx)=p,
fori=012,...,n-1. and I =i,i+1. (4)
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Assuming u(x) to be the function which has be interpolated by S;j(x), and u(xj) be an approximation to
u(x) , using the continuity conditions of first, three, fifth and seventh ( Si(f‘l) (X)) = Si(”)(xi) where #=135

and 7), and also by eliminating of m;,v; and p;, we obtain the following relations between ujand z;:

N Zi—4+02Zj_3+037i_2 +04Zi1 +O5Zj +04Zj11 + 03242 + Q273+ AZj14 =
1
—h—4(ﬁ1Ui—4 +PaUi-3 + B3Ui—2 + Sali-1 + sl + Salis1 + PaVi2 + Fouir3 + Pilisa),

i=45,,..,n—4. (5)
where

o = i(m —7sinh(0)), ay = _—2(73 cosh(6) —12(~12600 + 420° + 5607 +1680sinh(9)),
7n ”n

ag = =8 (L100800+ 84003 — 840° 14907 + 60(~1260+ 420* + 50%) cosh(9) +17640sinh(0)),
71

oy = _—2(;/2 cosh(6) — 4(~163800 + 16800° — 2940° + 31797 +35280sinh(9)),
7

o5 = 73(72 —160(-6300+ 84092 — 2100* +15196) cosh(d) —176400sinh(6)),
1

4 4
51 =23%" (604036 sinh(0)), By = ~8Y (9(6+ 62) cosh(6) + 6(30— Asinh(9))),
7
67200% 3 . -16800* 3 p .
f3 =——(-120 + 07 —96cosh(0) + 21sinh(0)), L4 =—(-789+86~ +96(-10+6“) cosh(f) +168sinh(6)),
n n
_ 16800%

Ps (-900+96° +80(-15+202) cosh(6) + 210sinh(6)), 71 = 20(420+ 7002 +30%) + (~840+6*)sinh(8),

n
72 = 756000756003 +6300° +110197), 73 =70 +8400° +420° + 0 ,

where 0 =kh
We assume that
a® = £ (x,u1) = fj = £04,U04)), ©

where f is nonlinear with respect to uand ujis the approximation of the exact value u(x;) and S;j(x) is

tensionspline function.
Now the local truncation error corresponding to the tensionspline method (5) can be obtain as:

= QU+ By + B3 + ) + F )i + U661 +9 + 4 + fuhul?
+(2(ay +ap +az +ay +as) +%(256/31 +815, +16033 +ﬁ4))h4“i(4)

(@61 +9ary + A3 + 1)+ (409601 + 7295 + 6455+ fa)®u®
+2(1680(2560 +817 +16a5 +a4) + 6553661 + 65616 + 256 + fa)hu(®
+—2(5040(4086z1 + 72y + 64 +ag) + L0485TOS, + 590493 +102455 + i)' u{"”
+-2 (11880(655360 + 6561y + 25605 +a4) + 1677721651 +5314416 + 4096 + gt Zu{!?

+%(48048(1048576a1 + 590495 +1024a3 + a4 ) + 536870912, + 95659388, + 3276885 + 84 )h*4u )

+% (43680(16777216ay + 5314410, + 40963 +ay)+ 42949672963, + 430467213, + 655364 + 34 )h'0ult®)

(7)i=67,...n—6
for different choices of parameters oy, ay,a3,a4,05, B1, B2, 3. Ba, 5 We can obtain the following

classes of methods such as:
Case(1):By choosing o =ap =az =a4 =0, a5 =-1, 1 = =0, 3 =1, B4 =—4 and S5 =6 we obtain the

second-order method with truncation error t; =%h6ui(6) +0(h®).
Case(2):By choosing a1 =ap =az =04 =0, a5 =6, £ =0, 5> =1, f3 =-12, 4, =39and S5 =-56we obtain the

fourth-order method with truncation error t; :%haui(g) +O(h10).
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Case(3):By choosing
1 502 14608

88234
- == az = ==
3024 3024 3024

3024 '

156190
3024

ap =

ag =

a = ,PrL=1PBr =22, B3=-32 4 =-86and

S5 =190 we obtain the sixth-order method with truncation errortj = —Zisz h0u 10 L o(n'?).

Case(4):By choosing
1 35 1835 44027 B 78215

M= 500 T 916 T we ™ 2 % 1812

|ﬁ1 :l,ﬂz :22|ﬂ3 :732|ﬂ4 =-86 and ﬂ5 =190

we obtain the eighth-order method with truncation errort; =%h12uiﬂz) +0(h1%).

Case(5):By choosing
53 1139 37001 219533 156731
— ’(12:— ‘asz— ,a4:— ’a5:—
30240 7560 7560 7560 3024

oy = =12 =22, i3 =32, fi4 =86 and

Ps =190 we obtain the tenth-order method with truncation errort; = __Lor hl4y &4 +O(h16).
° = 798336 |
Case(6):By choosing

772159 10411993 663600673 814474831 2269987033

a=—————,0p =— , a3 =— \ay =— , Qg =— , and
415638720 25977420 103909680 25977420 41563872
52717 376534 614804 . _
= ,Po = B3 = , Ba =-86 and Bz =190 we obtain the twelve-order method with
A= 061772 = 0617 P2 = 20617 P Ps
truncation error t; :7M h16ui(16) +O(h18).
544652978@80
Case(7):By choosing
. __-94699819 2204300108 4115085738 17148988748  _ 5528143544
17 0682681346 ' 2 2682681346 ° 3832401915 * 3832401915 ° 766480383 '
4487 189172 — 4501 22 .
and - 48760563 | 1801726336 ,  -4591530956 5839582208\ o 1o0e orrain the
85164487 85164487 85164487 85164487
fourteen-order method with truncation error t; =—wh18ui(ls) +0(h?9).
290019314%87740

To obtain unique solution for the system (5) we need six more equations. we define the following identities:

5 13
D aiui +dh2uf® -0 D bu® —5n'uf® —o
i=0 i=0
6 13
Zai”i +d"h?u? *h4zbiui(4) ~th'8u® — o,
i=0 i=0
7 13
Zai uj +d hzu(()Z) _h4zbi ”i(4) —tshlsu(()lg) =0,
i=0 i=0
7 13 (8)
Zai Up_j +d hzur(lz) _h4zbi ur(i)l —tn,3h18Ur(118) -0,
=0 i=0
6 13
2t +d 2 - S b -ty onufl? ~o,
i=0 i=0
5 13
D aiun +d 2P -0t biu{ —tg 4ntuf® —o,
i=0 =

where all of the coefficients are arbitrary parameters to be determined. In order using Taylor's expansion
obtain the fourteen-order method we find that:

(a0.a1,87,a3,24,85,d ) = (-104,222,-D8,-33,221,65), (ap, a1 ap a3 a4 85,8, d ) = (14,-108,19,-86,-3222,1,26),
(ag.a; ,ay,a3,a,,as,a5,ay,d ) =(14,-108,1®,-86,-3222,1,26),

(bl bl bl bl )=(21606087985477 1149799956373 _ 5731547553079 _90551633060431 _ 12254916211861 _102139993550377
0:51 5213 6276836966400 ' 19020718080 ' 348713164800 ' 784604620800 ' 59779399680 ' 348713164800 '

33821362722527 2002843813681 _ 125667667228669 _55669960874159 _ 33312548265013 19621140967 7539889997027)
104613949440 ' 7264857600 ' 697426329600 ' 627683696640 ' 1046139494400 ' 2490808320 ' 6276836966400
(b" b.l. by bl Y=( 21872086635283 17234762713697 6523336140259 25674622691429 _ 6092225050271 _12429339818809
0.-1:52- 113 15692092416000 ' 523069747200 ' 174356582400 ' 392302310400 ' 95103590400 ' 124540416000 '

__28995834721193 6278835293 _ 21756671474207 _48341063514329 _ 28998269075107 119798004967 _ 188206711351 1417024681)
261534873600 ' 66044160 ' 348713164800 ' 1569209241600 ' 2615348736000 ' 43589145600 ' 448345497600 ' 475517952007
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(bO b.l. b2 b13)=( 2036981807401 5153532945299 1440948837983 _40894572957431 4579549330421 918120066551
R ormen 31384184832000 ' 1046139494400 ' 49816166400 ' 784604620800 ' 160944537600 ' 158505984000 '

_ 43079797441 2305017271 _ 452142431501 1627758359 638156243929 897454783 6026165111 32889931 )
47551795200 ' 2421619200° 697426329600 ' 4926873600' 5230697472000 ' 29059430400 ° 1255367393280 95103590400”"

and
(ty =t_q = 15152200387 _. 7343810831501  _ _ 202308444617 _
1= -1~ ""9700566220800' 2 N2 266765571072000° 3 ‘N—3 ~ "533531142144000 '

3 Tension spline solution

The method (5) along with boundary condition (8) when we ignore the truncation errors in (7) give a system
of linear equations.

Considering U =[ug,up,...uy]" and C=[c;,Cp....cy]’ , This system can be written the following matrix
equation:
(A+h*BF)U =C

where
a a, ag a; ag
a a, a3 a, as ag
a a, a3 a, as ag ay
B2 B3 Ba Ps Pa Bz B2 B
B B2 B3 Ba Ps Ba B3 B2 A
A=
P Bo B3 Ba Ps Ba B3 P2 B
A B2 B3 Pa Bs Ba B3 P2
ay dg ag ag a3z a a
ag ag as az ap a
o ay ay ar a
and
by by b3 b3
by by b3 b3
by by b3 b3
Oy 03 Q4 05 04 a3 an 24}
a oy a3z ag ag o4 az ar
B=

o ay; a3 ag a5 o4 az ay; o
ap apy a3 a4 o5 a4 a3 0

big bg by by
b3 b3 by
b3 by by by

FU) =diag(f(xj,uj)),i=123,...,n-1.

The vector C is defined by

c = —gabuo —ed 'hzua + h4b(')u(()4) ,
Cy = —saauo —ed "h2u6 + h4b6u(()4) ,
c3 = —saguo —sdmhzua + h4b(')"u(()4) ,
C4 =—gBug + h4alu(g4) ,

Cs =0,

Ch_5=0,

Cna = ~f1un +h*oqul?

Chg = —aagun —admhzu:, +h4b(';ur(14) ,
Cno = —eaaun —ad "hzu;] + h4b6u,(]4) ,

Cnq = —s,a(')un —6dlh2Ulr'1 +h4b6u,(]4).

www.iioab.org

348

|Farajeyanet al. 2016 | IOABJ | Vol. 7 | Suppl 4 | 345-350 |



http://www.iioab.org/

NWRIENOr

SUPPLEENT ISSUE

5N (NI

NUMERICAL RESULTS

In this section the presented method are applied to the following test problems if choosing

. __-94699810 2204300108 _  411508573%  _ 17148988748  _ 5528143546
17 2682681346 ' "2 2682681346 ° 3832401915 3832401915 ° 766480383 '
448760563 1891726336 4591530956 5839582208
A= B2 = B3 = Ba=- and 5 =190
85164487 85164487 85164487 85164487
we obtained the method of order O(h'*) respectively.

Example 1.Consider the following singularly perturbed boundary value problem

—eu® () +u(x) = —ex((x—1)* x* — 24— £(5—60x + 210x? — 280x°> +126x%)), -1<x<1
with boundary conditions
u(-1) =-16¢,u(l) =0andu”(-1) =—688¢,u"(1) =0

The exact solution for this problem is u(x) = 8(5(1, x)4 .The observed maximum absolute errors for different
values of ¢ and n are tabulated in Tables 1-2 and compared with the methods in [15].

Table 1: Maximum absolute errors of Example 1 (Our fourteen-order method)

1 1 1 1 1
n E=— E=— E=— & =— EF=—
16 32 64 128 256

20 | 358x10% | 162x107% 197x1078 | 372x108 | 207x10783
40 | 178x10782 1.84x10783 503x108% | 6.16x108 | 254x1073
80 | 259x10782 9.95x10783 493x108% | 428x108 | 356x10783
160 | 33210782 1.09x10782 549x10°8% | 332x10783 | 352x1078

Example 2. Consider the following singularly perturbed boundary value problem
—eu® (X)+u(x) =(x —1)4 X8 sin(ex) — P (—1633(x —1)3 x3(3x —2)cos(ex) +96ex (14 —84x +
180x2 —165x3 +55x*) cos(ex) + & (x ~1) *x% sin(ex) — 2462 (x ~1)2 x2 (14— 44x + 33x2) sin(ex) +
24(70-504x +1260x2 —1320x3 + 495x*)sin(ex)), 0<x<1

with boundary conditions
u(0) =u(@ =0andu”"(0)=u"(w) =0
The exact solution for this problem is u(x) = (1- x)4 X8 sin(ex). [15]
The observed maximum absolute errors for different values of ¢ and n are tabulated in Tables 3.

Table 2: Maximum absolute errors of Example 2 (Our fourteen-order method)

1 1 1 1 1
n E=— E=— E=— E=— F=—
I—I 16 I 82 I 64 I 128 I 256 I
20

2.36x107° 231x1072¢ 3.58x10723 311x107% 4.93x10728

40 | 36841072 357x107%% 5.47x10728 4.76x10730 7.94x10733

80 | 569x1072° 5.50x10~3L 8.37x10°33 7.29x10°3 | 1.25x107%7

160 | g75x10~34 8.45x10736 1.28x10°37 111x102° | 1.96x10742
CONCLUSION

The new methods of orders 2, 4, 6, 8, 10,12 and 14 based on tension spline are developed for the
solution of fourth order singularly perturbed boundary-value problems. Tables 1-2 shows that our method
is better in the sense of accuracy and applicability.
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