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ABSTRACT

Imprecision in modern day data has become a common feature and in order to efficiently handle them
many uncertainty based models have been put forth in the literature. Rough set model introduced by Received on: 18M-March-2015
Pawlak has established itself to be an efficient model in many real life situations. But the basic rough set Revised on: 20-May-2015
model of Pawlak has limited applications because of the constraint of it being dependent on equivalence oath

. . . . L . . Accepted on: 26— June-2015
relations. The equivalent mathematical concept to equivalence relation is that of a partition. A cover is a i .
generalization of the notion of partition and this led to the development of covering based rough sets, Published on: 207 ~Aug-2015
which has better modeling power than basic rough sets. Following the concepts of granular computing
rough set introduced by Pawlak is single granulation. So, in order to handle multi-granularity, two types of
multi-granularities called optimistic multi-granulation and pessimistic multi-granulation were introduced in
2006 and 2010 respectively. Recently these two concepts of multi-granulation and covering based rough
sets were combined to define covering based multi-granular rough sets. The equality of sets in
mathematics is too redundant to have any fruitful real life application as it does not include user
knowledge into it, which is normally done in practice. In order to handle this rough equalities were defined
by Pawlak et al, which was extended by Tripathy in2008 to define rough equivalence. In this paper we
introduce and study covering based optimistic multi-granular approximate equalities and study their ) -

X . g . Multigranulation, Cover,
properties. We study two types of properties called general properties and replacement properties. A real Covering Based Optimistic Multi-
life example is used for illustration of the concepts and also to aid in the construction of counter examples Granular Rough Sets
in the proofs of the properties. (CBOMGRS).

Rough Sets, Granulation,
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INTRODUCTION

Data in real life are mostly imprecise in nature and so the conventional tools for formal modeling, reasoning and
computing, which are crisp, deterministic and precise in characteristics, are inadequate to handle them. This gives
rise to the development of several imprecise models, of which rough sets introduced by Pawlak [5, 6] is one of the
most efficient one. It has been proved to be very efficient to capture impreciseness in data. According to Pawlak,
the knowledge of human beings depends upon their capability to classify objects of universes. Equivalence
relations on any universe induce classifications through the equivalence classes associated with them. So, Pawlak
had taken equivalence relations to define rough sets and related notions.

A pair of crisp sets called the lower and upper approximations are associated with every rough set. Lower
approximation comprising of elements certainly belong to it and upper approximation comprising of elements
certainly or possibly belong to it, with respect to the available information.

This basic rough set has been extended further in many directions. These extensions are actually either based on
tolerance relations or any such relations that do not require the stringent restrictions of an equivalence relation.

From the point of view of granular computing, basic rough set theory deals with a single granulation [17].
However, in some application areas we need to handle more than one granulation at a time and this necessitated
the development of multi-granular rough sets (MGRS)[7], where at least two equivalence relations are taken for
granulation of a universe. This concept is further extended by considering covers and this lead to the development
of covering based multi granular rough sets(CBMGRS). They are of two types namely, optimistic and pessimistic.
In this paper optimistic one is considered. Four types of CBOMGRS are defined and their properties, general and
replacement, are established.
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Equality of sets in mathematics is a very stringent notion and its application is also limited. In real life situations
we use our own knowledge about the universe of discourse to determine the equality of sets. However, such
interception of user in deciding the equality of sets is very much expected. In order to make a place for user
knowledge in deciding the equality of sets fully or partially, three kinds of rough equalities were introduced by
Novotny and Pawlak [5,6]. In fact three notions were introduced, called the top rough equality, the bottom rough
equality and the rough equality. Now the sets can be equal or not from the user point of view. They had
established several properties of these notions. They tried to interchange the concepts of top rough equality and
bottom rough equality in the properties to find their validity and commented that these properties do not hold true
under such circumstances.
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This paper is organized into four sections. First section provides the over view and related literatures. Section two
presents various definitions and notions required. Section three introduces multi granular rough equalities and its
general and replacement properties. In this section real life examples are considered to prove few properties as
sample. In section four conclusion to the work are presented.

DEFINITIONS AND NOTATIONS

Rough set

The notion of rough set was introduced by Z.Pawlak in the year 1982 ([5]). We extract the definition and present below.

SHL

Let U be a universe of discourse and R be an equivalence relation over U. By U/R we denote the family of all equivalence classes
of R, referred to as categories or concepts of R and the equivalence class of an element XelU is denoted by [x]z . By a

knowledge base, we understand a relational system K = (U, P), where U is as above and P is a family of equivalence

=

relations over U. For any subset Q (# ¢ ) c P, the intersection of all equivalence relations in Q is denoted by IND(Q) and is called

the indiscernibility relation over Q. Given any A— U and R € IND (K), we associate two subsets, RA=({BecU /R:Bc A}

and RA= ABeU/R:BNA=¢}, called the R-lower and R-upper approximations of ‘A’ respectively. The R-boundary of
‘A’ is denoted by BNg (A) and is given by BN (A) = RA—RA. The elements of R A are those elements of U, which can

certainly be classified as elements of A, and the elements of R A are those elements of U, which can possibly be classified as

elements of ‘A’, employing knowledge of R. We say that A is rough with respect to R if and only if RA#RA, equivalently

BNR (A) # @. ‘A’ is said to be R-definable if and only if RA = EA, or BN, (A) = ¢.
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Covering based rough sets

=

Basic rough sets introduced by Pawlak have been extended in many ways. One such extension is the notion of covering based
rough sets, where the notion of partitions is replaced by the general notion of covers [16]. In this section we introduce the basics
of these sets.

Definition 2.2.1: ([23, 25 ]) Let U be a universe and C = {Cy,Cy,....., C,} be a family of non-empty subsets of U that may be
overlapping in nature. If UC =u, then Cis called a covering of U. The pair (U, C) is called covering approximation space. For
any A < U, the covering lower and upper approximations of ‘A’ with respect to C can be defined as follows

(22) C(A=UCic Aie2,...n}}
(22.2) C(A)=UCiNA=p,icL2,....1}}

The pair (Q(A),C_I'(A)) is called covering based rough set associated with X with respect to cover C if Q(A)iE'(A) e, Als
said to be roughly definable with respect to C. Otherwise A is said to be C-definable.

Definition 2.2.2: ([23,25 ]) Given a covering approximation space (U, C) for any x€ U, sets mdc (X) and MDC(X) are

respectively called minimal and maximal descriptors of x with respect to C,
(223) md,(x)={SeC/xeSand (VT eCif (xeTandT cS)thenS=T)}

It is a set of all minimal covers containing x where a minimal cover containing x be one for which no proper sub cover containing x
exists.

(2.24) MD,(x)={S eC/xeSand (VT eCif (xeTandT 5S)then S =T)}
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It is a set of all maximal covers containing x where a maximal cover containing x be one for which no proper super cover
containing X exists.

Multi granular rough sets

In the view of granular computing (proposed by L. A. Zadeh), an equivalence relation on the universe can be regarded as a
granulation, and a partition on the universe can be regarded as a granulation space [5, 6]. For an incomplete information system,
similarly, a tolerance relation on the universe can be one regard as a granulation, and a cover induced by the relation can be
regarded as a granulation space. Several measures in knowledge base closely associated with granular computing, such as
knowledge granulation, granulation measure, information entropy and rough entropy. On research of rough set method based on
multi-granulations, Y. H. Qian and J. Y. Liang introduced a rough set model based on multi-granulations [7], which is established
by using multi equivalence relations.
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Definition 2.3.1 ([23, 25]) Let K= (U, R) be a knowledge base, R be a family of equivalence relations, T, S € R. We define the
optimistic multi-granular lower approximation and upper approximation of X in U as

231D T+SA=U/X/[Xx]y = Aor[x], = A} and
(2.3.2) T +S(A) =(T +S(A)°

Covering based optimistic multi granular rough sets

The notion of Multi-granular rough sets have been extended to covering approximation spaces. They can be of two types;
namely, optimistic and pessimistic. By employing minimal and maximal descriptors four types of CBOMGRS are possible. The
definitions of four types of CBOMGRS are as follows [4].

SHL

Let (U, C) be a covering approximation space, C; and C; be two covers in C and A be any subset of U, The four types of
optimistic covering based optimistic multi granular rough sets, are defined as follows.

=

Definition 2.4.1([16]): The first type CBOMGRS lower and upper approximations with respect to C, and C, are defined as
(2.4.2) OC1+CZ (A ={xeu/ ﬁmdCl () = A or Mmdc, (x) = A}and

(2.4.2) OC1+C2 (A) ={xeu/(Nmdc, CNNA=¢ and (NmMdc, (X)) NA = g}

Definition 2.4.2([16]): The second type CBOMGRS lower and upper approximations with respect to C, and C, are defined as
(2.4.3) Scl+C2 (A ={xeU/Umdc, (x) = A or Umdc, (x) = A}and

(2.4. 49) SC1+C2 (A ={xeu/ Umde, GNDNA=¢ and (Umdc, (X)) NA= oy

N =l g &)

Definition 2.4.3([16]): The third type CBOMGRS lower and upper approximations with respect to C, and C, are defined as
(2.4.5) TClH:2 (A) ={xeU/NMDc, () = A or NMDc, (x) = A}and
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(2.4. 6) TC1+C2 (A)={xeu/ (MMDc, () NA=¢ and (NMDc,(x)NA= s}

Definition 2.4.4([16]): The fourth type CBOMGRS lower and upper approximations with respect to C, and C, are defined as
(2.4.7) '—c1+c:2 (A) ={xeU /UMD, (x) = A or UMD, (x) = A} and

(2.4.8) '—c1+<:2 (A) ={xeU /UMD, ))NA=g¢ and (UMD, (x)NA = ¢}

Properties of covering based optimistic multi granular rough sets
The following are the properties of covering based optimistic multi granular rough sets. Here ‘w’ denotes any of the four types

first, second, third or fourth of optimistic multigranulation. Let A and B be any two subsets of U. We omit the proofs of these
properties as these are more or less trivial. The proofs can also be found in [15,16].

(2.5.1) ASB=>W ., (A =W c,(B)

(2.5.2) Ac B =>W ., (A =W ., (B)
(25.3) W ,c,(- A=~Wc, c,(A)

(254 We ic,A="Wc ic, (A

TNagaraju & Tripathy. 2015 | NOABJ | Vol. 6 4] 77-97 79
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(255  We .c,(AUB)DWe ., (AUW. ¢, (B)

(2.5.6) Wcl+(:2 (AUB)> Wcl+(:2 () UWC1+(:2 ®)
257 We ic,(ANBYSWe, o, (AMWe, (¢, (B)

(258 We, ic, (ANB) =W, c, (MM, ¢, (B)
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RESULTS

Approximate equalities

The equality of sets or domains used in mathematics is too stringent. In most of the real life situations we often
consider equality of sets or domains, as approximately equal under the existing circumstances. These existing
circumstances serve as user knowledge about the set or domain. So, they play a significant role in approximate
reasoning. Also, one can state that it mostly depends upon the knowledge the assessors have about the set of
domains under consideration as a whole but not on the knowledge about individuals of the sets or domains.

As a step to include user knowledge in considering likely equality of sets, Novotny and Pawlak [5,6] introduced

- the following rough equalities of two sets A and B which are subsets of U.

i.l

tﬁ Let K= (U, R) be a knowledge base, A,BcU and R e IND(K).
Definition 3.1: We say that,

o) (3.1.1) A and B are bottom rough equal (A R B) if and if only RA=RB.

(3.1.2)A and B are top rough equal (Ai B) if and if only RA = RB.

(3.1.3)A and B are rough equal (A R_eq B) if and if only RA=RB and RA=RB ie., (Aﬁ B) and (Ai B).

There are several properties of these approximate equalities established by Novotny and Pawlak in the form of
general and replacement properties. The replacement properties are those properties obtained from the general
properties by interchanging the top and bottom equalities. As noted by them, all these approximate equalities of
sets are relative in character; that is, sets are equal or not equal from our point of view depending on what we
know about them. So, in a sense the definition of rough equality incorporates user knowledge about the universe
in arriving at equality of sets or domains. However, these notions of approximate equalities of sets boil down to
equality of sets again. So, in order to make the equalities more general, a notion called rough equivalences was
introduced by Tripathy in 2008 [16]. These notions are more general and more applicable in real life situations.
An example of cattle in a society is taken by him to explain the drawbacks in the earlier notion and also to
establish the superiority of the new notions in the real life scenario. These two different forms of approximate
equalities have been generalized to the context of multi-granulation by Tripathy along with coauthors in a series
of papers [14-17, 24-26].
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In this paper we shall introduce the concepts of approximate equalities and rough equivalence to the context of
covering based optimistic multi granulations and prove their properties (both general and replacement). We
establish both the direct as well as the replacement properties for both these notions. In fact two types of covering
based multi granular rough equalities and equivalences are possible, namely, optimistic and pessimistic. In this
paper optimistic ones are considered. First type covering based optimistic multi granular rough set is considered
and its rough equalities and equivalences are studied. The direct properties of such sets are stated and proved first.
Later its replacement properties are also studied and proved. To substantiate better understanding of these
concepts few of these properties are studied and interpreted in terms of one real life example.

Covering based optimistic multi granular approximate equalities

We introduce in the following the different covering based optimistic multi granular rough equalities for first type,
CBOMGRS, and study their properties. For the other types of multi granulations similar definitions hold good.
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Let C; and C, be two covers on U and let O denotes first type of CBOMGRS.

Definition 3.2: We say that,
(3.2.1) A and B are bottom C;+C, rough equal to each other (A

Oc1+02 (A = Ocl+c2 (B).
(322) Aand B are top C,+C;, rough equal to each other (A 2 B) iff Oc_,c_ (A) =Oc_,c, (B) .

(3.2.3) A and B are optimistic total rough equal to each other with respect to C; and C, (A r_C,+C, eq B)
Iff OCJ_+C2 (A) = OC:|_+C2 (B) and OCJ_+CZ (A) =OCJ_+CZ (B) .

crc, B) iff

=
=
2
=
)
o
o
]

Properties for first type of covering based optimistic multi granular approximate
equalities

The general properties of first type of covering based rough equalities are stated, proved and substantiated with
few proofs and examples wherever necessary.

Let C; and C, be two coversonU and C ,C,eCand A, B cU.Let F denotes first type CBOMGRS. Then

GG, GG,
Proof: Given AMB c7c, A == Oc ,c,(ANB) = O ,c,(A) and

(331 A B if ANB A and B both. But the converse may not be true in general.

Given ANB ,c, B => Oc,.c, (ANB) = O¢ ,c,(B)
9 From the above two expressions we have

OC/_L“'CZ (A) = Oc,_L+c2 (B) == AC1:-C2 B.

For the converse part logical equivalence of the statements (aAb)v (cAad)and (avc)A(bvd), where a,

b, c and d are any four logical statements. However, from their truth values we find that these two statements are
not equivalent to each other in the following case.

a B c d

&M

True False False True
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False True True False

=

So, examples can be provided which satisfy any of the above cases to show that the converse is not true.

(332 A Q:CZ B if AUB q:cz A and B both. The converse may not be true in general.
- C _ _
Proof: Given AUB Cl: 2 A=> Oc¢, +c, (AUB) =Oc¢, +c, (A) and
Given AUB X% B=> O ,c, (AUB) =O¢ ., (B)
From the above two expressions we have

- - +C

Oc, 10, (A) = Oc, .o, (B) =>A % B,

The converse part is not true as in property 1. We note that the truth of the converse depends upon the logical
equivalence of the two statements, (avb)A(cvd) and (aAc)v(bAd). However, we find the statements
quoted are not true in the following cases.
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a b c d

True False False True

False True True False
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So, examples can be constructed such that the above two cases occur to show that the converse part does not hold.

(3.3.3)AC1:C2 A'and BCCCZ B ' may not imply that AUB Cl;rcz A'UB'

Proof: The converse part is not true as in property 1. We note that the truth of the converse depends upon the
logical equivalence of the two statements, (avb)A(cvd) and (anc)v(bad). However, we find the
statements quoted are not true in the following cases.

a B c d
L]
=
F True False False True
1 False True True False
I So, examples can be constructed such that the above two cases occur to show that the converse part does not hold.

(334) A i, A andB .. B’ maynotimplythat ANB ... A'MNB'’

Proof: Let us consider the following real life example to prove the above property.

Example 1: Consider the following data table. Let us consider 3 columns of it, such as, Faculty name, Roles and
Project Numbers. Roles column specifies different roles each faculty play in the school, such as, Program chair-1,
Division chair-2, and Year co-ordinator-3. Project Numbers column specifies number of the project on which faculty
works on.

UeZnor

Table:1. Faculty Information
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Faculty Division Collection. Distribution Project

N

Name Experience Experience Numbers
(yrs) (yrs)
1 Alia —x; 1 2 0 Female | 1 1
2 Brinda-x, 2 1 0 Female | 3 2
3 Cris-xs 1 3 3 Male 2 2
4 Danya-X, 2 1 1 Male 2 3
5 Esha-xs 1 3 3 Female | 1,2 2
6 Feroz-xg 2 3 0 Male 2 1,3
7 Gokul-x7 1 1 4 Male 3 4
8 Harsha-xg | 2 2 4 Male 3 4

| Nagaraju & Tripathy. 2015 | IOABJ | Vol. 6 | 4 | 77-97 82



SPECIAL ISSUE (ASCB)

ISSN: 0976-3104

Based on roles and project number columns two sets of covers are obtained as given below.

Let U = Set of faculties ={X, X,, X3, X;, X5, Xg, X5, X} and the following two covers C,and C,, are
generated as given below.

U / C, = Covers obtained based on roles of faculties = {{X;, Xs },{Xs, X, X5, Xs 1, {Xz, X7, X} }

s
s
=
=

U /C,, = Covers obtained based on project numbers they work on ={{X;, Xs},{X;, X5, Xs },{X,, Xs 3. {X;, X} }

Interpretation of approximate equalities

Consider subsets A, B U . Then the lower approximation of any set can be interpreted as a group of people

who are certainly part of the committee and the upper approximation of any set can be interpreted as a group of
people who are either certainly or possibly be part of the committee.

Two sets A and B are said to be optimistic bottom equivalent to each other with respect to C, and C, if their lower
approximations with respect to C,+C, are the same. That is the set of faculties who are certainly in A with respect
to C, or with respect to C, is same as the set of faculties who are certainly in B with respect to C; or with respect

:‘, to Cz.

'[- Two sets A and B are said to be optimistic top equivalent to each other with respect to C; and C, if their upper

1l approximations with respect to C,+C, are the same. That is the set of faculties who are certainly or possibly be in
A with respect to C; and with respect to C, is same as the set of faculties who are certainly or possibly be in B

3 with respect to C, and with respect to C,.

Table: 2. Table of minimal descriptors generated for C, and C,

Elements

Minimal

‘1 Descriptors
— de1(X) {X4, Xs} {X2,%7, {X3,Xa4,X5,X6} {X3,Xa,X5,Xs, {Xs} {X3,X4,X5,X {X2,X7,Xs} {X2, X7,Xa}
Xg} 6}
U de (x) X xe} | {xz.xa, {X2,X3, s} {xa, e} X2, {xe} {7, xa} {7, xa}
2 Xs} Xs}
-
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Let A ={X,,X,, %5, X}, A ={X_, X5, X,, X5, Xs 3, B={X5, X, X;, X}, and B ={x,, X, X5, X, X }
OC1+C2 (A) ={X3, X,, X5, Xg } and OcﬁC2 (A ={X5, X, X5, X }

Og, ¢, (B) ={Xs, X, X, X} and O ., (B ={Xs,Xs, X7, Xg}
AMNB={X;, X} and A'MB'={x, X5, Xz}

=

OC1+C2 (Aﬂ B) :{X57 Xs} and OC1+C2 ('A‘l m B ') :{le Xz, Xs}
Oc,.c, (ANB) =0 .c, (A'MNBY). Thus ANB %, A'NB’

(3.35) A9 = AUB® <% y

Proof: Given A CL:CZ B=> o L (B) - But by (2.5.6)

C,+Co (A)Zocl+c
Oc,.c, (AU B)Qool+C2 (A)Uocl+c2 (B) . Thus we have

Oc,.c, (AUB)20¢ ,c, (AU Oc ¢, (BY)
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C

= Ocyec, (BYU ((Oc,.c, (B)S) = O ¢, (BYU (O, B\BN, . B)”)

=0c i, B)U (Oc, i, ®) € =u = AUB® %%y

This completes the proof.
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GG,
Proof: Given A c;cz B=>Oc ¢, (A)=0O¢ .c, (B) .Butby (25.7)

(3.3.6) A B=> ANB® %% 4

Oc c, (AN B)=Oc .c, (A) N Oc, +c, (B) . Thus we have

- C
Oc, e, (ANB)=Oc ¢, (AN O ., (B%) = O o, (A) N (O 1c, (B))

= c,+C, (A) ﬂ(U _OC_L"'CZ (B) - BNC_]_+C2 (B)) = OC_L“'CZ (A) ﬂ(U _OC_L"'CZ (B)) =¢.

=> ANB® %% 4

(3.3.7)If AcBand B ¢ then A" 4

Proof: Given AcBand B ¢ . So we have Oc, +c, (B)=¢ . AsAcB=>

=> Ocl+c2 (A = Oc:1+02 (B)=¢ =>A 2y

(3.3.8) If AcBand A UthenB " U

Proof: Given AcBand A Cl:CZ U. So we have OClJrC2 (A)=U .as B A=

=> OC1+C2 (B) oD OC/_L+C2 (A) =U =>B C1:C2 u.

&M

(339) A % Biff A° (7o BC

e C+C) o — —_
Proof: Given A ™_7 B O, i, (A=0 , , (B)
But we know that

0
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=

Oc,+c, (A= (Oc +c, (A“)° < (Oc; +c, (A°) = (Og;c, (B°)° = Oc,+c, (A%) = Oc,+c, (8%)

<=> A° i, B

(33.10) IfA oo 4 OrB e ¢then ANB o ¢
Proof: Given A ¢ c ¢ OrB ¢l ¢ => Oc,ic, (A) =g or Oc ., (B) =¢
=>Og o, (A) MO, (B) = . Butby (257)

Oc,,c, (ANB) = O¢ ¢, (ANOC ¢, (B) => O ., (ANB) =¢ =>ANB ¢, ¢.

(3.3.11) IfA "% UorB “* Uthen AUB % U

Proof: Given A Cl:CZ UorB q:+c2 U =>0O¢,+c, (A) =U or O¢, ,c,(B) =U
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Oc,+c, (AUB) =2 0c,c,(A)UOc, ;c,(B) Oc, c, (AUB) =U
=> AUB %% u.
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Replacement properties for first type of covering based optimistic multi granular
approximate equalities

These properties are also called as interchange properties. We have stated above the observation of Novotny and
Pawlak in connection with holding of the properties for rough equalities when the bottom and top equalities are
interchanged. They categorically told that the properties do not hold under this change. However, it is shown by
Tripathy et al [16] that some of these properties hold under the interchange where as some other hold with some
additional conditions which are sufficient but not necessary. They are stated as below along with their proofs. We
use a real life example as detailed below, which shall be used to illustrate the properties as well as provide counter
examples whenever necessary.

Example 2: Let us consider Table-1. Assume that an exam committee for the school of computing science and
engineering (SCSE) is to be constituted to carry out activities such as collecting the question paper bundles and

'-E distributing the answer sheet bundles. Assume that there are 8 faculties available for the purpose. Their collection
2 and distribution experiences in years along with their sex and division they belong to are considered for forming
tﬁ two sets of covers as given below.

C,=Cover obtained by defining similarity relation between two faculties such that they are related to each other iff
3 they belong to different divisions with their average collection experience as exactly 2 years and at most one them

be a female faculty

U/Cy = {{X1, X}, {X2, X3}, {Xa, Xa}, {X4, X5}, {Xe, X7}}
C,= Cover obtained by defining similarity relation between two faculties such that they are related to each other

iff they belong to different divisions with their average distribution experience as exactly 2 years and at most one
of them be a female faculty

U/Cy = {{X1, Xg}, {Xa, Xz}, {X3, Xa}, {Xa, X5}, {Xe, X7}}

N bl I!J’

Interpretation of approximate equalities
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Consider subsets A, B — U . Then the lower approximation of any set can be interpreted as a group of people

who are certainly part of the committee and the upper approximation of any set can be interpreted as a group of
people who are either certainly or possibly be part of the committee.

N

Two sets A and B are said to be optimistic bottom equivalent to each other with respect to C; and C, if their
lower approximations with respect to C,+C, are the same. That is the set of faculties who are certainly in A with
respect to C; or with respect to C, is same as the set of faculties who are certainly in B with respect to C, or with
respect to C.,.

Two sets A and B are said to be optimistic top equivalent to each other with respect to C; and C, if their upper
approximations with respect to C;+C, are the same. That is the set of faculties who are certainly or possibly be in
A with respect to C; and with respect to C, is same as the set of faculties who are certainly or possibly be in B
with respect to C; and with respect to C,.

Let us consider first type of CBOMGRS. Its lower and upper approximations are determined based on minimal
descriptors.
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The minimal descriptor table for the two covers for the above example is as shown below.

Table: 3. Table of minimal descriptors for C, and C,

Elements X4 Xs Xe X7 Xg
Minimum

s
s
=
=
Q
(=
°
a

Descriptors

mde () {xa, Xa} {x2 3} {xs} {xa} {Xa,%s} {Xe,X7} {Xe,X7} {X1,%e}
1

mde. () {axsl | x| Dexd | {x} {xaxs} | {xex7} {X6,x7} {x1,xa}
2

Cl:CZ Bif ANB Q:CZ A and B both. The converse need not be true.

(3.4.1) A
Proof: Given ANB “*% A=> Og ¢, (ANB)=0g, ., (A)

Given ANB “%2 B= Oc, +c, (AMB) =0Oc, ,c, (B)

From the above two expressions we have, Oc, ,c, (A) = Oc¢, 1c, (B) => A Cfcz B.
=]
g This part can be interpreted as, if the set of faculty certainly or possibly be in committee for A Bwith respect
tﬁ to C1+C,; is the same as that of A and B, then the set of faculty certainly or possibly be in committee for A with
respect to C;+C, will be same as that of B. It means that a committee obtained through common people from sets
A and B having same group of people who are either certainly or possibly be in the committee is the same as the
9 committees obtained from A and B having same group of people who are either certainly or possibly be in the

committee, then those committees obtained from A and B that way will be equal.

The following example shows that converse need not be true.
Let A ={X;, Xc} ,.B={X;, X;}and
Oc,+c, (A) ={X,. X, X} Oc ic, (B) ={x . X, ,x }and Oc ,c,(AMNB)={x}
Thus Oc, c, (AN B) 5= Oc, . c, (A) and Oc, c, (AN B) 5= Oc, . c, (B)
though Oc, ¢, (A) = Oc, . c, (B)

UeZnor

The converse part can be interpreted as, though the sets of faculty certainly or possibly be in committee with
respect to C,+C, are the same for A and B but the set of faculty certainly or possibly be in committee for
A Bwith respect to C,+C, is not same as that of A and B. It means that a committee obtained through common
people from sets A and B having same group of people who are either certainly or possibly be in the committee ,
may not be the same as the committee obtained from A and B having same group of people who are either
certainly or possibly be in the committee. Then the committees obtained from A and B that way need not be equal.
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G+C,
PrOOf leen AU B Clj'cz A == Oq+c2 (A U B) = Oq+cz (A) and

(3.4.2)A Bif AUB c;cz A and B both. The converse need not be true

Given AUB ¢, B => Oc .c, (AUB) =0Oc, ¢, (B)
From the above two expressions we have

Oc, ¢, (A) = Oc,,c, (B) and so AC;CZ B.

This part can be interpreted as, if the set of faculty certainly be in committee for AlJ B with respect to C,+C; is
the same as that of A and B, then the set of faculty certainly be in committee for A with respect to C,+C, will be
same as that of B. It means that a committee obtained through the people from sets A and B having same group of
people who are certainly be in the committee is the same as the committees obtained from A and B having same
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group of people who are certainly be in the committee, then the committees obtained from A and B that way will
be equal.

The following example shows that the converse need not be true.
Let A ={X,, X;},B ={X,, X, }and AU B ={x4, X, x7}

OC1+CZ (A) :{X4} and OC]_+CZ (B) :{X4} Ocl_._cz (AU B)Z{X4, X6, X7}
Thus Og,c, (AUB) = Og o, (A) and O .o, (AUB) =Og ¢, (B)

though Oc, 1c, (AM)=Oc c, (B)

=
=
2
=
)
o
o
]

The converse part can be interpreted as, though the sets of faculty certainly in committee with respect to C,+C,
are the same for A and B, but the set of faculty certainly in committee for AU Bwith respect to C;+C, is not the

same as that of A and B It means that a committee obtained through common people from sets A and B having
same group of people who are certainly in the committee , may not be the same as the committee obtained from A
and B having same group of people who are certainly in the committee. Then the committees obtained from A and
B that way need not be equal.

(3.43)A C;Cz A'and B C;Cz B ' may not imply that AUB C;Cz A'UB'
Proof: The following example establishes the above proof.
Let A={X;, X}, A'={x, x5}, B={x.x,}and B'={x;, Xg}. Then

J Oc,+c, (A) ={x,} and O ¢, (A) ={x}

1 Oc,+c,(B) =g and Oc, c,(B") = ¢
=> Oc, +c, (A) = Oc,+c, (ADand Oc, +c, (B) = Oc,+c, (B
ThusA ¢ c A'andB ¢ B

Now, AUB ={x, X,.%.}, s0 Oc ¢, (AUB) ={x}

Also, A'UB"={x,X,. ;. X}, 50 O, 1c,(A'UB’) ={x. %}
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Thus Oc,c, (AUB) = Oc,c, (A'UB). == AUB o 5c, A'UB".

=

(3.4.4)A Cl:CZ A'and B q=+c2 B ' may not imply that A(B Cl:CZ A'NB'
Proof: The following example establishes the proof.

Let A={x;, %}, A'={xX;, X5}, B={x, x .} and B'={x,, x;}. Then
OC1+C2 (A) = {X3 ) X4 ’ X5} and OC1+C2 (A.) ={X31 X4) X5};
Ool+c2 (B) ={x,.x,,x } and Ool+c2 (B) ={x,., %, X}
So, Ocﬁc2 (A) = Oc1+c:2 (AYand OCl+Cz (B) = Ocﬁc2 (B
But AN B ={x, == Ocl+c2 (AN B) ={x,}

and A'NB'=¢ =>0O¢ ,c, (A'NB) =g

. N C, +C, . .
Thus, Oc ¢, (ANB) = Oc ,c, (A'NB) = ANB % A'NB".

(345) AL, B=> AUB® 3o U
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Proof: Given A C;Cz B => Oc,.c,(A)=0Oc,.c,(B). But from (2.5.5) Oc.c,(AUB)20c ,c,(A)UO,.c,(B).

Thus, we have
OC1+C2 (A U B)QOC1+C2 (A)UOC1+C2 (B) = OC_I_+C2 (B) U (OC.I.+C2 (B))C

= Ocyic, (B) U (U (O, (B) _BN01+02 B))

<0, B)UWU -0, (B))=U => AUB' c;c2 U

=
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]

(346) A ““ B=> ANB® (T ¢

Proof: Given A Cl:CZ B => Oc,.c, (A)=0c.c, (B) . But from (2.5.8)

Oc, +c, (ANB)< Ocyic, (A) N O, .c, (B) . Thus, we have

Ocy v, (ANB®) =0, ¢, (A) NGcyrc, (BY) = Ocy e, (A) N (Og i, (BY) = Ocpic, (A N(U =0 ¢, (B))
< BNg ,c,(B)

=>ANB' 4% 4.

(34.7) If AcBandB . c gthenA oL ¢
Proof: Given AcBandB . ¢.S0,wehave Og.c,(B)=¢.ASAC B=>A=¢=> 0 .c,(A) =¢

=>A c;(:2 ¢

(3.48) If AcBand A C;CZ U then B c;cz U
Proof: Given AcBand B .o U. S0 Ogc,(A)=U.As Ac B=>Occ,(A) = O (B), We have

C)clq-c:2 (B)=U

=>B ., U

0
O
'_
<
p=
o
@)
LL
Z
©)
@
z
©)
Z
'_
>
a
p=
O
O
'—
LL
O
o
i
a
a
<

c

[ (349) A o, Biff A° ' B

Proof: Given A B

G+C,

Butweknowthat O, . (A)=(Og,,c, (A%)°

=>O¢ ¢, (A) = (Og ¢, BN = O ¢, (A%) = O ¢, (A")
Ocyic, (A)=Og i, (B) => A° X% BC

In a similar way converse will also be proved.

(3.4.10) IFA %% 4 orB ©'% 4 then ANB 7% 4

Proof: Given A ' ¢ orB 9% §.50,0c.c,(A) = ¢ 0r Og.c, (B) =¢  =>0c,.c, (ANOcyrc, (B) = ¢

But from (2.5.8) Oc,.c, (ANB) < Oc .c, (A N0 .c, (B) = Og.c, (ANB) =4 =>ANB =% 4

(34.11) IfA ¢ c UorB e Uthen AUB .o U
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Proof: Given A 7% UorB %I U. S0, Og.c,(A) =U or Og ., (B)=U  =>0c,c,(A) U Oc,.c,(B)=U .

But from (2.5.7) Oc,..c,(AUB) 20g,.c, (A)UOc,.c, (B)=>0g,.c, (AUB) =U =>AUB ¢ U.

In a similar manner we can prove the necessity condition.

=
=
2
=
)
o
o
]

Approximate rough equivalence for covering based optimistic multi granulation

We now introduce the different rough equivalences for the first type of covering based optimistic multi granular
rough set (CBOMGRS). These definitions will be the same for other types. Then we study, prove and provide
counter examples for its direct and replacement properties as per requirement.

Let C; and C, be two covers on U and Cl, C2 eCand A,BcU.LetF denotes first type CBOMGRS.

Definition 3.5: We say that,
(3.5.1) A and B are bottom rough C, + C, equivalent to each other (A c;cz B) iff
Oc, +c, (A) and Oc, ic, (B) are ¢ or not ¢ together.

(3.5.2) A and B are top rough C, + C, equivalent to each other (A Cl;'cz B) iff
Oc, .c, (A) and Oc, .c, (B) are U or not U together.

3 (3.5.3) Aand B are total rough C, +C, equivalent to each other (A r_C,+C,_eqv B) iff
Oc,ic, (A) and Oc .c,(B) are ¢ or not ¢ together and Oc, .c, (A) and Oc,.c, (B)

L areU or not U together.

Following are the generalization of the approximate rough inclusions introduced by Pawlak [5,6] and approximate
rough comparisons introduced by Tripathy et al[16]. We define these concepts in the context of first type of
covering based

optimistic multi granulation as below.

Definition 3.6:
Let K=(U,R) be a knowledge base and A,B cU and C,C, €C. Then

&M

0
Q
'_
<
=
o
O
LL
<
o
o
Z
o
=
'_
)
o
=
O
O
=
LL
O
n
i
o
o
<

=

(i) We say A is bottom C, +C, rough included in B (A ;¢ B)iff Oc.c,(A) = Oc,.c, (B).

(ii) We say A is bottom C, +C, rough included in B (Acl;C2 B)iff Oc,.c,(A) = O .c, (B).
(i) We say Ais rough C, +C, included in Biff Oc,,c, (A) = Oc ;c,(B) and Oc ¢, (B) = Oc, ¢, (A).

Definition3.7:
Let K=(U,R) be a knowledge base and A,B cU and C,C, €C. Then
(i) We say that A, B U are bottom C, +C, comparable iff A cl%cz B orB lecz A

(i) We say that A,B cU aretop C, +C, comparable iff Acl,;cz B or BQ;CZ A

(iii) We say that A/BcU are C, +C, comparable iff A and B are both bottom C, +C,and top C, +C,
comparable.

TNagaraju & Tripathy. 2015 | NOABJ | Vol. 6 4] 77-97 89



SPECIAL ISSUE (ASCB)

ISSN: 0976-3104

Properties for covering based optimistic multi granular approximate equivalence

(3.6.2)(i) If ANB q+c Aand ANB q+c B then A B.

(ii) The converse of (i) is not necessarily true.

(iii) The converse is true in (iii) if A and B is bottom C, +C, comparable.
(iv) the condition in (iii) is not necessary.

Proof:

(i) Oc, .c,
Oc,.c, (AMB) and O ., (B) are either ¢ or not ¢ together (given).
Then qu (A) and O, (B) are either ¢ or not ¢ together (derived).

Thus A ¢, B.

(ii) Continuing with example2 by taking A={xs} and B={Xs X7}, we have

O, .., (A ={x}=¢ and O . (B)={x, X, }=p=>A c B. BUUANB =g Then
OC1+C (ANB)=¢ => AMNBnNot .5. A and B both.

CﬁC
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(AMB) and O, (A) are either ¢ or not ¢ together (given).

(iii) Even if A and B is bottom C, +C, comparable, we have O, Oc.c, (ANB)<=O Og.c, (A) or O (B)as

the case
may be. So, if both Og.c, (A) and O .c, (B) are ¢, we have Og.c, (ANB)=¢- But when both are not ¢,

we cannot say the same for

) O ., (ANB)-
(iv) Continuing with example2 by taking A={X4, Xs, Xs, X7} and B={X; X4, Xg}, We have
I O, o, (A) ={Xe: X6, X, %, 3% 5,0, (B) ={X,, Xy, X} = p=> A, B.

Also A and B are not bottomc, +C, comparable.
But ANB={x}.Then O, ., (ANB)=¢ == ANB_ 5., A and ANB_.3.B

though A and B are not bottom C, + C, comparable.

3620 IfauB ““ Aand AUB Y BthenA <% B.

(ii)The converse of (|) is not necessarily true.

(iii) The converse cannot be true even if A and B are top C, +C, comparable.
(iv) The conditions in (iii) is not necessary.

&M

0
Q
'_
<
=
o
O
LL
<
o
o
Z
o
=
'_
)
o
=
O
O
=
LL
O
n
i
o
o
<

=

Proof:

(i) Oc,.c,(AUB) and O ., (A) are either U or not U together (given).

O, .c, (AUB) and O .., (B) are either U or not U together (given).

Then O .., (A) and O ., (B) are either U or not U together (derived).

Thus A ©' B,

(if) Continuing with example 2 by taking A={x, Xz, X3, X4} and B={Xxs, Xs X7}, we have

C)cﬁ-(:2 A :{Xp Xa1 X3, Xy, Xs}¢U and C)cl+c2 (B) :{Xs’ Xes X7}¢U == ACSCZ B. But
AU B ={X,, X;, X3, X,, X5, Xg, X, 3. Then O o (AUB) ={X,, X,, X3, X,, X5, X, X7, X} =U
= AUB not “*“z A and B both.

(iii) Even if A and B is bottom C, +C, comparable, we have Oc,.c, (AUB) = Oc,.c,(A) or O, (B) as
the
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case may be. So, if both Oc e, (A) and O, (B) &€ U, we have Oc.c, (AUB) =U. But when both are

not U,
we cannot say the same for Oc ., (AUB).-

(iv) Continuing with example 2 by taking A={Xy, X5, X3, X4} and B={Xs, Xs}we have
Ocl+c2 (A) ={X;: X5, X3, %, X }#U and Oc1+c2 (B) ={Xs, x;} =V

=> 0O ¢, (A) 2O ¢, (B) or Oc.c (B) & O (A)

=> A and B are not top C, +C, comparable.

And AUB ={X,, X, X3, X, }.Then O .., (AUB) ={X;, X, X3, X;, X5, X5, Xg} #U

=> AUB “’“ A and B both though A and B are not top c, +C, comparable.

=
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(3.6.3)(i) IfA CL:CZ A’ and B Cl:cz B’ then it may or may not be true that AU B cl:CZ A'UB".
(if) A sufficient condition for the result in (i) to be true is that A and B are top C, +C, comparable and

A’ and B’ are top C, +C, comparable.
(iii) The conditions in (ii) are not necessary for result in (i) to be true.

Proof: (i) The result fails to be true when all Oc.c,(A).Oc.c,(A), O ., (B), and O . (B)are notU
+C o ’ +C 2 ’ +C o 1 +C 2

and exactly one of AUUB and A'UB"is U, then result will fail. The following example shows that.

Continuing with example 2 by taking A={Xy, Xz, X3, X4}, A’= {Xs, Xs, X7}, B={X1, Xs, X6, X7}, and B’={x3, X4, Xs},
we have

- - - . C, .,
O .c, (A) ={X, X, X3, X;, X }=U and O (A ={X;, X5, X, } =U . This implies thatAcl;' ZA.

C,+Cy
O e, (B) ={X, %, %, X, }#U and O . (B) ={x;, X,, %} #U . This implies that B @G,
But AUB ={X,,X,, X5, X,, Xz, Xs, X, } and A'UB"'={x,,X,,X,, X5, X, X, }
Og, ¢, (AUB) ={X;,X,, X3, X4, X5, Xg, X7, Xz} =U and O ,c (A'UB") ={X;, X3, X, X5, Xg, X7, Xg} #U
= AUB not “’= A'UB".
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(i) We have O . (A)=U,O . (A)=U,O,c,(B)=U, andO . (B")=U S0, under the

f- hypothesis,
Oc,.c, (AUB)> OclJrcz(A)UoclJrc2 B) = Ocl+02(A) orQc, . c, (B) » which is not equal to U . Similarly,
C+C, ,
Oc,.c,(AUB) =U -Hence AUB "7 A"UB'.
(iii) Continuing with example 2 by taking A={X1, Xo, X3, X4}, A’= {Xs, Xs, X7},B={X1, X5, Xs, X7}and B’={xy, X3, X4,
Xs}, we have

Oq e, (A) ={X, %, %5, X, X }=U and O .c, (A ={Xg, X, X, }=U - This implies that A and A’ are

not top rough comparable.

Oq+c2 (B) ={x, X, X¢, X, }=U and (_)Cﬁc2 (B") ={X5, X, X} #=U . This implies that B and B’ are

not top rough comparable.

But AUB ={X,,X,,X3,X,,Xs,Xs,X,}and AUB"={X;,X,, X3, X,, X5, Xg, X7}

Oc1+c2 (AUB) ={X;, X,, X3, X4, X5, Xq, X7, Xg}=U and Oc1+c2(A'U BY) ={X;,X,, X3, X;, X5, Xg, X7, Xg} =U

= AUB “% AUB'.

(3.6.4)(i) IfA C,+C, A’and B C;CZ B’ then it may or may not be true that AN B C;Cz A'NB'.
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(i) A sufficient condition for the result in (i) to be true is that A and Bare bottom C, +C, comparable and A’ and
B’

are bottom C, +C, comparable.

(iii) The conditions in (ii) are not necessary for result in (i) to be true.
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Proof: (i) The result fails to be true when all O ., (A),Oq..c, (A), O e, (B), and O, (B) A€ not¢ and

exactly
oneof ANB and AN B"is ¢, then result will fail. The following example shows that.
Continuing with example 2 by taking A={x3}, A’= {xs, X7}, B={X4}, and B’={x,, Xs, X7}, We have

Ocpc, (W) ={x}#4 and Og e, (A) ={x;, x,F =g Thisimpliesthat A ¢S A’

Oc.c, (B) ={x}#¢# and O (B) ={x,, x,} = Thisimpliesthat B e B’
But ANB=¢ and ANB'={xs,%X,}.O¢.c,(ANB)=¢ and O .. (AMNB")={xq, X;}=¢.
=>ANBnot .3, ANB".

i

(ii) We have Oc.c, (A) # 6,0c ., (A) # 4,0, ,c, (B) %= ¢, and O, (B") = ¢ .S0, under the hypothesis,

O .c, (ANB) = Oc,.c, ~ moq+c2 B)= Oc,.c, (A) or O .c, (B)=¢-" Similarly,
Oc,.c, (ATIB) = ¢-

Hence, ANB c;cz A'NB".

(iii) Continuing with example 2 by taking A={xs, X7}, A’= {x1, Xg}, B={X2, X, X7}, and B’={xy, X5, Xg}, we have
Oc.c, (A) ={X,, %, }7=¢ and O .. (A)={x, %} =¢" This implies that A and A’ are not bottom
C +C,

comparable.

Oc.c, (B) ={X,, X5, X, }#¢ and O o (B)={x, X} =¢" This implies that B and B’ are not bottom

&M

C +C,
comparable.
But ANB ={xg,X,}and ANB'={X;,Xg} Oc ¢, (ANB) ={Xq, X;}= ¢ and O . (ANB") ={X,, Xz} # ¢.

= ANB I, ANB"
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(3.6.5) (DA Q:CZ B may or may not imply that (AU ~ B) Cl;'cz u.

(ii) A sufficient condition for the result in (i) to hold is that A and B are bottom C, +C, equal.
(iii) The conditions in (ii) are not necessary for the result in (i) to hold.

Proof: (i) The result fails to hold true when Oc,.c, (A)=U,O . (B)=U and still O, (AU~B)=U-
(ii) The condition in (ii) is not sufficient as we have

Oq+c2 (AU~-B)> Oq+02 AU Oq+02 (=B)= Oq+c2 AU Oq+62 Ao Oq+c2 (AU~ A)=U

(iii) Continuing with example 2 by taking A={xy, X3, X4, X7} and B={Xy, Xg}, we have

O, e, (A) ={x,,%X,,%X,} and (B) ={x,, x,}=> A and B is not bottom rough equal.

C,+Cy

~B={x2, X3, X4, X5, X6, X7} and AU ~ B ={X;,X,, Xz, X4, X5, Xg, X7}
O .c, (AU~ B) ={X;,X;,, X3, X4, X5, Xg, X7, X} =U => AU~ B <%= U .
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(3.6.6) (i) A c;cz B may or may not imply that (AU~ B) c;cz U
(if) A sufficient condition for the result in (i) to hold is that A and B are top C, +C, equal.
(iii) The conditions in (ii) are not necessary for the result in (i) to hold.

=
=
2
=
)
o
o
]

Proof: (i) The result fails to hold true when O .c, (A) # $,0¢ . (B) = ¢ and still Oc.c, (ANB) =g

(ii) The condition in (||) is not sufficient as we have
O c, (AN~-B)<O C,+C, (A)noq+c2( B) = q+c2 (A)qu+c =A Coq+c (AN~A)=¢

(iii) Continuing with example 2 by taking A={xy, X,, X5} and B={X,, X3, X4}, we have
Oc.c, (A) ={x,,%X,, X} and O, (B) ={X,, X, Xs}=>Aand B is not top rough equal.

~B={xy, Xs, Xg, X7, Xg} and AN~ B ={X;,Xs}
Ocl+cz(An~ b)=¢=>AN~B c;c2 @

B67)If AcBandB c dthenA . ¢.

Proof: As B C;CZ ¢, we have Op,.c,(B)=¢- S0, if AcB 1O, (A) = O, (B)=¢ .Thus Ac;cz P

(368)If Acsand A 2 U thenB ' U .

) Proof: As A C1+CZ U, we have O. _

e, i, (A)=U. So, ifA=B, O
Cl+C2U.

e..c, (B) 2O ¢, (A)=U -Thus B

(3.69) A e Biff ~A ~B.

Q+C
Proof: The proof follows from the property, Oq o, (= A)=~0 (A)

(3.6.10) A c1+c2 ¢,B q+c2 ¢ implies that AN B q+c2 ¢
Proof: The proof follows directly from the fact that under the hypothesis the only possibility

50, 0, (W =0 .c,(B)=¢-

GBI AT U B % U impliesthat Aus % U .

Proof: The proof follows directly from the fact that under the hypothesis the only possibility is
Oc e, (A =0, (B)=U -

&M
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Replacement properties for covering based optimistic multi granular approximate
equivalence

(371 ()if Ane U Aand ANB U Bthen A “'%B.
(ii) The converse of (i) is not necessarily true.
Proof: (i) Here Oc o, (A and oO_ _ (anB)are Uor not U together and o_ _

c,+c, c,+c,
O, ¢, (AN B)are

U or not U together. Being common, we get O (Aand O
GG, B.

(B) and

O, (B) are Uor not U together. So, A

(ii) Continuing with example 2 by taking A={Xy, X, X3, X4, Xs, X7} and B={ X,, X3, X4, X¢, X7,Xg}, We have
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O, e, (A) =X X0 X5, Xas X5, X6, X7, X% F=U and O, ¢, (B) ={X, %o X5 Xgs X5 X5 X7 X} =U => A% B,

But AN B ={X;,%3,X,;, X5, X, }.Then Oc ., (AN B) ={X,, X3, X;, X5, X5, X, } = U
= AN B not 2 A and B both.

=
=
2
=
)
o
o
]

(372) ()if auB c;cz Aand ANB C;cz B then A c;cz B.
(ii) The converse of (i) is not necessarily true.
Proof: (i) Here O e, (A) and Og.c, (AUB)2e® gor not ¢together and Oc.c, (B) and

O.., (AUB)e

@ or not ¢ together. Being common, we get and Og.,c, (B) & ¢@ or not ¢ together. So, Acl;'cz B.

(ii) Continuing with example 2 by taking A={X¢} and B={ x;}we have
Ocl+(:2 (A) =¢ and ()cl+c2 (B) =¢=> Aclicz B. But AU B :{X67 X7}- Then

O e, (AUB) ={Xs. X, }= ¢ == AUB not 3. A and B both.

i

(3.7.3) A Clicz A’ and B CliCz B’ may not necessarily imply that AU B c;cz A'UB".

Proof: When Og..c, (A),Oc ¢, (B), Og.c, (A), O ,c, (BT all 9, one of

O .c,(AUB) and O . (AUB)'S

@but the other one is not ¢@the result fails to be true. Continuing example2 by taking A={x¢}, A’=

{Xg},B={X2}and B’Z{Xl},
we have

Ocic, (M) =00, ¢, (A) = 4,0, ., (B) =¢, and O ., (B) = ¢~
But AUB ={x,,X,}and A'UB"'={x,, X}

Oc,.c,(AUB)=¢ and O (AUB") ={x,,X.} = ¢.

= AUB not <’ A'UB'.

(3.7.4) A Cfcz A’ and B Cl:CZ B’ may not necessarily imply that AN B Cl:CZ A'NB".

N bl Ild’
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Proof: When O .c, (A).Oc .c, (B), O, (A), O, (B)arE all U, one of
O ., (AMB) and O, .., (AMB)

N

is U but the other one is not U the result fails to be true.

Continuing with example 2 by taking A={Xy, X5, X3, Xa, X5, X7}, A’= { X1, X2, X3, X4, Xg, X7, Xg},B={ X2, X3,
X41 X51 X71 X8}1

and B’={ x,, X3, X4, Xe, X7, Xg}, We have

Oc ., (A) ={X;, X5, X3, X;, X5, Xg, Xqy Xg}=U, O ,c, (A)={Xy, X;, X3, X4, X5, Xg, X7, Xg}=U,

O e, (B) =Xy, X5, X3, X4, Xg, Xg, X7, Xg}=U, and O ., (B) ={X;, X,, X3, X4, Xs, Xg, X7, Xg}=U.
But ANB ={X,, X3, X,, X5, X,}and ATIB"'={X,, X3, X;, Xg, X7, Xg} Oc ¢, (AMB) ={X,, X5, X;, X5, X
and O, (ATB") ={X;.X,, X3, X4, X5, X, Xg}=U =>A1B not 5. AMB"

+C,

(3.75) A C;Cz B may or may not imply that Al ~ B C;Cz u.
Proof: Continuing with example 2 by taking A={xy, X3, X4, X7, Xg} and B={x;}, we have

Oc e, (A) =X, X5, X,, X7, X} and O ¢, (B) ={X;, X}
~B={X2, X3, X4, Xs, Xg, X7, Xg} and AU ~ B ={x_,x,, Xg, X4y Xg, Xg, X5, X, 3=U
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Og,.c, (AU ~ B) ={X;,X;, X3, X4, X5, Xg, X7, X} =U => AU~ B <% U -

(3.7.6) A q:cz B may or may not imply that AN~ B CtC 9.

Proof: Continuing with example 2 by taking A={xs} and B={Xs, Xs, X7}, we have
C1+C2 (A)=¢ and ocﬁc2 (B) ={X, X, }=>A and B is not top rough equal.

~B={X1, X2, X3, X4, Xg} and AN~B=¢

Oq+cz(An~ B)=¢=>AN~B c;c:2 @

We would like to make the following comments in connection with the following properties from (3.7.7) to
(3.7.11).

(i) We know that O, (U) U - So, bottom C, +C, -equivalent to U can be considered under the case

=
=
2
=
)
o
o
]

that
oq+02 ) =g
(if) We know that o ., (#) = ¢ So, bottom C, +C, -equivalent to U can be considered under the case

that

O ¢, (@) #=U.
The proofs of the properties from (3.7.7) to (3.7.11) are trivial and we omit them.

(3.7.7)1f AcBandB“'% gthen A % ¢

The equality of sets in mathematics is too stringent and is mostly not applicable in real life situations. The
problem in this definition is that although in real life situations we use our knowledge about the universe to decide
about the equality of sets, which is mostly approximate in nature, we do not do so for set equality. As an attempt
to incorporate user knowledge in equality, Novotny and Pawlak introduced the concept of rough equality and
Tripathy et al introduced the concept of rough equivalence. The unigranular rough set concept introduced by
Pawlak has been extended to define multigranular rough sets by Qian et al. Also, instead of using partitions,
covers have been used to define covering based rough sets recently. In this paper we define and study the rough
equality and rough equivalence in the context of covering based optimistic multigranular rough sets and to
establish their properties in the general form as well as in the replacement form. We take the help of a real life
example to illustrate the concepts and also to provide counter examples is establishing the properties.

[}

(S)

'_

<

%

(@]

(378)If AcBandB o c UthenA .o U. %

Il (B79) A ¢, Biff ~A o ~B. 5
(B710)0A 4% ¢ B g = AnB % 4. 2

'_

I~ C,+C 2

) @71)A S, U.B e, U=aAuB . U. %
- O
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